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Heat and Fluid Flow Processes During
the Coating of a Moving Surface

A. Rezaian* and D. Poulikakos?t
University of Illinois at Chicago, Chicago, Illinois 60680

In this paper, a theoretical study is presented for the problem of coating a fiat moving surface with a small
Prandtl number melt, exemplified by a liquid metal or a liquid crystal. From the heat and fluid flow standpoint,
the process is modeled as one of forced convection in the melt (induced by both the motion of the surface and
the velocity of the melt as it is deposited on the surface) coupled with conduction in the solidifying coating layer.
The effect of the main parameters of the problem, such as the ratio of the melt deposition velocity to the surface
velocity, the Stefan number, the Prandtl number, and the ratios of the main properties of the solid and liquid
phases on the thickness of the resulting coating layer and the heat transfer to the moving surface, are
determined. An important assumption adopted in this study is that the moving surface is isothermal. The
parametric domain of validity of this assumption is defined.

Nomenclature
A, B = dimensionless groups, Eqgs. (15) and (31),
respectively
c = specific heat of liquid phase
Cs = specific heat of solid phase
erf(x) = error function, = (2/V7) (le -’ do
f(&) = similarity stream function
= latent heat of fusion
k = thermal conductivity of liquid phase
ks = thermal conductivity of solid phase
L = reference length
Nu = Nusselt number
Pr = Prandtl number
Re; = Reynolds number based on a reference length
L, =U,L/v
Re, = Reynolds number based on x,, = U,x,/v
Ste = Stefan number
T = dimensionless temperature in the liquid phase -
T,, = temperature of the body on which the coating is
deposited
T, = freezing temperature
T,, = temperature of the solid phase
T = dimensionless temperature in the solid phase
T, = wall temperature
T, = average wall temperature used in the scaling

arguments of the Appendix v
To = body temperature outside the thermal boundary layer
T. = freestream temperature of the melt
U, = velocity of the surface
U, = freestream velocity of the melt

u = dimensionless velocity component in the x direction

v = dimensionless velocity component in the y direction

X, y = Cartesian coordinates

o = thermal diffusivity in the liquid phase

op = thermal diffusivity of the body on which the coating
is deposited ,

o = thermal diffusivity in the solid phase

A = displacement thickness

] = thermal boundary-layer thickness scale in the body
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s = dimensionless thickness of the coating layer

v = viscosity in the liquid phase

£ = similarity variable

£ = similarity variable evaluated at the solidification
interface

p = density of liquid phase

Ps = density of solid phase

¥ = stream function

Subscript

* = denoting dimensional quantity

Superscript

’

= denoting differentiation with respect to £

I. Introduction

OLIDIFICATION on moving surfaces has direct engi-

neering applications exemplified by coating processes and
ribbon or fiber growth processes. With reference to the for-
mer, a liquid metal or liquid crystal is often deposited on a
moving chilled surface (also termed the substrate) with the
purpose of coating that surface with a solid layer of desired
thickness. With reference to the latter, several techniques aim-
ing at the production of thin strip-type materials involve depo-
sition of a melt of a metal-metalloid or a melt of a metglass on
a cold moving surface. Examples of such techniques are melt
spinnilng, twin roller quenching, melt extraction, and pendant
drop.

Despite the importance of these applications, several ques-
tions related to the role of heat transfer and fluid flow during
the growth of the solid layer remain unanswered. Here, we will
briefly review representative studies from the related work
existing in the heat transfer literature.

Kuiken? investigated the growth of a solid layer on an
isothermal cold sheet moving through a warm liquid bath.
Asymptotic expressions were reported for the solid thickness
in special cases. Approximate solutions of the energy equation
at small Prandtl numbers were also obtained by replacing the
velocity field in the energy equation with the asymptotic
freestream velocity field.

Using an integral method, Griffin? studied the problem of
contact melting of solids on a hot moving surface. His study
applies to polymer melting in extruders. Levy et al.# examined
the heat transfer process during the freeze coating of fibers.
They neglected convective effects and modeled the freeze-
coating process as a diffusion, Stefan-type problem. These
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authors also used Deryagin’s viscous-coating theory® to esti-
mate the viscous deposition of the melt onto the moving fiber.

The coating of amorphous metal ribbons by melt extraction
was investigated by Anthony and Cline® with the help of
simplifying assumptions. They obtained the viscous shear-
layer thickness around a rotating cylinder and used it as the
lower limit for the solidified ribbon thickness. Their work did
not include a fundamental heat transfer analysis of the solidi-
fication process on the moving cold surface. Zoutendyk’ ana-
lyzed the convective heat transfer process in the horizontal
ribbon growth (HRG) of semiconductor crystals. He con-
cluded that for successful growth of crystal ribbons active
cooling was necessary at the growth tip region. Closed-form
expressions for the freeze-coat thickness of a molten poly-
meric substance at its fusion temperature on a moving cylinder
or plate were reported by Seeniraj and Bose.?

Cheung’ extended the analysis of Seeniraj and Bose to the
freeze coating of a superheated polymeric liquid on a non-
isothermal moving plate. He modeled the convective heat
transfer at the solid-liquid interface by treating the heat trans-
fer coefficient as an known parameter. To this end, he used
the heat transfer coefficient that was valid for the laminar
boundary-layer heat transfer on a moving plate at large
Prandtl numbers (Erickson et al.!®!!), Cheung?® allowed for
the axial variation of the plate temperature and identified the
parameters controlling the solution. In a later paper, Cheung!?
examined the freezing process on a thick moving plate by a
similarity analysis. He assumed a constant temperature at the
interface between the freeze coat and the plate and numeri-
cally determined the local convective heat transfer coefficient
and the axial variation of the solid-layer thickness as functions
of the system parameters. He concluded that, due to the
interaction between the phase-change process and the flow,
the local heat transfer coefficient at the freezing front is larger
than that of the forced flow on a moving plate without
freezing. ‘

Cheung and Cha® carried out a numerical study of the
freeze-coating process on a continuous moving cylinder by a
finite difference method. The cylinder temperature was al-
lowed to vary in both axial and radial directions. Existing
results for convective heat transfer to moving cylinders were
utilized to approximate the heat convection from the liquid to
the freeze coat, i.e., the convection problem in the liquid was
not solved simultaneously with the conduction problem in the
coating layer and the cylinder. Growth and decay behavior of
the freeze coat was observed and the maximum attainable
thickness was determined for various conditions.

The present study aims at investigating the process of depo-
sition of a coating of small Prandtl number material (liquid
metal or liquid glass, for example) on a flat moving isothermal
surface (substrate). The arrangement relevant to this study is
shown schematically in Fig. la, and it has been used for
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Fig. 1b Configuration modeled in the present study.
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coating applications and ribbon growth of glass and metallic
strips. As shown in Fig. 1a, upon deposition of the material on
the moving surface, backflow and rippling effects at the sur-
face of the liquid usually occur. As a result, instabilities may
take place that cause imperfections at the coating layer surface
and make the control and prediction of its thickness inaccu-
rate. To circumvent these deficiencies, we propose the ar-
rangement shown in Fig. 1b. In this arrangement, the de-
posited molten material flows parallel to the moving substrate.
The modeling and analysis of the configuration in Fig. 1b is
the main contribution of the present study.

II. Mathematical Formulation

The problem is defined schematically in Fig. 1b. The coat-
ing material (liquid metal or liquid glass) exits as a rectangular
slot with uniform velocity U, and temperature T.,. Immedi-
ately after exiting, the coating material is deposited on a
substrate (flat surface) moving with velocity U,,. The tempera-
ture of the flat surface is denoted by T, is assumed constant,
and is considerably lower than the temperature of the liquid
metal T, i.e., T, < T,. As a result, solidification of th’egmelt
takes place and the coating layer shown in Fig. 1b is created.
The assumption of a constant surface temperature T, is
adopted with the understanding that the present is a basic
study of the phenomenon of interest. It is worthwhile, how-
ever, to define the parametric domain in which this assump-
tion will be valid in a real coating application. A scaling
analysis is performed with this purpose and is reported in the
Appendix. In addition, the present work pertains to applica-
tions in which the substrate upon which the coating is de-
posited is continuously cooled! or has a thermal capacity
considerably larger than that of the coating layer. Therefore,
the substrate temperature (in the lengthwise direction, for
example) remains essentially constant and is not markedly
altered by the heat the solidifying material releases.

Clearly, to analyze this problem from the standpoint of heat
transfer and fluid mechanics, forced convection in the liquid
phase and conduction in the solidified coating layer need to be
considered simultaneously. In formulating the problem math-
ematically, the following assumptions are made.

1) All thermophysical properties are constant.

2) The flow is of the boundary-layer type: steady and larii-
nar.

3) The phase-change process is steady and takes place at a
constant temperature T;. The solidification front is sharp and
planar, and thermal equilibrium exists at. the interface. ,

4) The solid layer is thin enough so that its curvature does
not affect the flowfield.

5) Axial heat conduction in the coating is negligible.

6) The shear stress effect at the free surface of the liquid
region is negligible.

Assumption 4 allows for the modeling of the flow and heat
transfer in the liquid region as forced convection from a flat
plate with suction, the suction being provided by the solidifi-
cation interface. It is through this suction that the convection
in the liquid phase is coupled with the conduction in the
coating layer. Based on the previous assumptions, the dimen-
sionless equations governing the conservation of mass mo-
mentum and heat transport in the system of interest with
respect to the Cartesian coordinate systems of Fig. 1b are the
following:

Liquid Region

du +22 = ¢y
ax  ay
u a_u +v % = a—zg 2
x dy  dy? )
oT aT 1 #*T
3)

— 4y — = — —
“ox TV ay T Pray
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Solid Region

—-PrA—-= 4)
X

To complete the formulation of the problem, the boundary
conditions and the matching conditions at the solid/liquid
interface are stated next.

At the moving surface (y = 0):

T,(x,0)=0 ®
5:(0,0=0 ©®)

At the solidifying interface (y =0 or y = 6;):

u(x,85) =1 ™
_ ps \dds

v(x; 85) = <1 - p)dx ®)

Ty(x,8,) = 1 ©

T(x,0) =1 (10)

ga_z_sr_{(zz) +5Tf_—5<a_T> ] an
dx PrA ay/y=s ks Tw— T \3y/y-s,
Outside the thermal boundary layer (y — ):
u(,y—o0)=U,/U, klZ)
T(xy—o)=0 a3)

The dimensionless variables appearing in Eqs. (1-13) ére de-
fined as follows:

X % YV 55. U
X=—>s y= 05 =

byt 1

1 ’ U =
Re[ "L U,

Vo ) T*—'Too _TS,,_TW

= v T = ’ = —— 14
V= URes " -1. “~1-1,

In addition to Eqs. (14), the nondimensionalization yielded
the following groups:

U,L

E‘ > Ste = —CS(Tf — TW)
Qs G

ReL= s Pr= s A=

as

Qv

These groups are the Reynolds number, Prandtl number, the
ratio of liquid to solid thermal diffusivity, and the Stefan

number, respectively. Most of the boundary conditions are

self explanatory. However, it is worth noting that Eq. (8)
represents a mass balance at the solidifying interface, and
Eq. (11) states the fact that the heat liberated at the solidifica-
tion interface is responsible for a discontinuity in the heat flux
at the interface.

III. Solution Methodology

. The equations governing the fluid flow in the momentum
boundary layer, Eqs. (1) and (2), the flow and heat transfer in
the thermal boundary layer, Eqgs. (1-3), and the heat transfer
in the coating layer, Eq. (4), will be considered sequentially
because the solution of the forced convection problem in the
liquid region is needed for the solution of the conduction
problem in the solid region.

Solution of the Forced Convection Problem .
Introducing the stream function in the usual manner
Y
y =—

=%y (16)
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_w ‘
v= - (17

and the similarity variable and similarity function

Y
=— 18
: V2x a8
14
=— 19
J&) N 19
we transform Eqgs. (2) and (3) to
frHFfT=0 (20)
T” +PrfT’' =0 1)

The similarity form of the bouﬁdary conditions is

Sf'E)=1 22)

fe)="¢, 23)
P

F7() = %f (24)

T¢,) =1 25)

T(e0) =0 26)

Note that the value of the similarity variable at the solidifying
interface is unknown and will be determined via an iterative
process that will be described later.

Solution of the Conduction Problem in the Coating Layer

Utilizing the similarity variable in Eq. (18) we transform the
energy equation [Eq. (4)] to

T! + PrAtT, =0 @7

In terms of the similarity variable £, the matching conditions
[Egs. (8) and (11)] become

Ste ., ,
& =57 [T &)+ BT'(E)] 28

The boundary conditions for the temperature at the surface of
the substrate and at the solidifying interface, respectively, are

T,(0) =0 (29)
Ti(&) =1 (30

In Eq. (28), a new dimensionless parameter appeared, namely,
the ratio of the liquid to the solid thermal conductivity:

kT, -T,

B= 31
k. T, — T, @D

Integrating Eq. (27) subject to conditions Eqgs. (29) and (30)
yields

erfl(PrA /2)"£]

T = orpra 2)%e.]

(32)

Substituting Eq. (32) into Eq. (28), we obtain a simpler expres-
sion for £;:

_ Ste [(2 PrA /z)%e — (PrA/2)g?

ST PrA|  erfl(PrA/2)%%] BT'(ES)} 33)
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Fig. 2 Effect of the suction velocity at the solidifying interface on
the velocity distribution in the boundary layer.
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Fig. 3 Effect of the suction velocity at the solidifying interface on

the displacement thickness for characteristic values of the velocity
ratio.

At this point, the problem formulation in terms of the similar-
ity variables is completed. The solution procedure continues
numerically as follows.

1) A value of £, is guessed.

2) Next, the flow part of the convection problem [Eqgs. (20)
and (22-24)] is solved with the help of a shooting scheme
involving the fourth-order Runge-Kutta method for the nu-
merical integration of Eq. (20).

3) With the flowfield known, Eqs. (21), (25), and (26) are
solved for the temperature field in the liquid phase with the
help of the same numerical scheme used earlier to obtain the
solution of the velocity field. Since the temperature field in the
liquid phase is now known, the temperature gradient T’ (%;)
can be evaluated.

4) Finally, the obtained value of 7 '(&,) is substituted into

Eq. (33), and the resulting algebraic equation for £, is solved
numerically. If the value that the solution yields for £, matches
the guessed value at the beginning of the numerical procedure,
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the process is terminated. Otherwise, the process is repeated
by adjusting the value of £ systematically until the guessed
value and the value obtained from Eq. (33) are identical within
prescribed error (10-4).

Following this procedure, the effect of the main parameters
of the problem on the growth of the coating layer and the heat
transfer at the solidifying interface is determined. It is pre-
sented in the following section.

IV. Results and Discussion

The discussion of results begins with the presentation of the
velocity profiles in the viscous boundary layer. Figure 2
demonstrates the effect of two parameters on the velocity
distribution: the suction velocity at the coating/liquid inter-
face f(£;) and the ratio of the freestream velocity U, to the
surface velocity in the liquid phase (U./U,). If the plate
velocity is fixed, increasing the freestream velocity such that

<
N

pte =1

o' o o
Ste

Fig. 4 Effect of the Stefan number on the thickness of the coating
layer for characteristic values of the velocity ratio.

9.6

Pr

Fig. 5 Effect of the Prandtl number on the thickness of the coating
layer for characteristic values of the velocity ratio.
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U,/U, = 0.5, 1.5 yields a thinner boundary layer and de-
creases the magnitude of the velocities inside the boundary
layer. The result of increasing the suction velocity caused by
the freezing is to obtain a thinner boundary layer for all cases
shown in Fig. 2. In the limit of boundary-layer flow over an
impermeable moving flat surface, the results of Sakiadis!4
were reproduced accurately.

A quantity of interest is the displacement thickness defined

as follows:
A= 1—— d 34
L( U. u> Ly (34

Physically, the displacement thickness represents the displace-
ment of the external flow because of the presence of the
boundary layer. When the freestream velocity is greater than

e
~

ple =1

—

10 R
A

Fig. 6 Effect of parameter A on the coating thickness for character-
istic values of the velocity ratio.

S
o

10" 10 0
B
Fig. 7 Effect of parameter B on the coating thickness for character-

istic values of the velocity ratio.
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Fig. 8 Effect of the suction velocity caused by the freezing on the
heat transfer to the surface.

12.0

Nu/Nug

Fig. 9 Effect of the group (ps/p)&s on the ratio Nu/Nuy.

the plate velocity, the outer flow needs to be displaced out-
ward to satisfy continuity relative to the case where the
boundary layer does not exist.!> Therefore, the displacement
layer is positive. On the other hand, when the plate velocity is
greater than the freestream velocity, the outer flow needs to be
displaced inward according to Eq. (34) in order to satisfy
continuity relative to the case where the boundary layer does
not exist. Therefore, the displacement thickness is negative. In
Fig. 3, an example of each of the previous cases is shown.
Clearly, regardless of the value of the parameter U,/U,,, the
effect of the suction caused by the freezing at the solidifying
interface is to decrease the absolute value of the displacement
thickness. This result makes sense physically and agrees with
the findings presented in Fig. 2, where it was shown that the
suction caused by the freezing decreases the thickness (and,
therefore, the intrusiveness) of the boundary layer.
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In the sequence of Figs. 4-7, the effect of the major parame-
ters of the problem on the coating thickness, a central part
of this study, is presented. Note that the value p,/p=1.in
Figs. 4-7 corresponds to the situation where there is no suction
at the solidifying interface [Eq. (8)]. In Figs. 4-7 it is clear that
increasing the value of the ratio U,/ U, yields a thinner coat-
ing layer. Therefore, the coating thickness can be reduced, if
desired, by either increasing the freestream velocity of the
deposited material or decreasing the velocity of the moving
surface on which the material is deposited. Increasing the
value of the Stefan number thickens the coating layer
(Fig. 4). This effect weakens at large values of Stefan number.
Since, by the definition of the Stefan number [Eq. (15)], for a
fixed material, increasing the Stefan number implies the de-
crease of the surface temperature T, on which the material is
deposited (subcooling effect), this result makes sense physi-
cally. Also shown in Fig. 4 is the fact that the impact of the
velocity ratio U,/ U,, weakens as the value of Stefan number
decreases.

The effect of increasing the Prandt! number is to decrease
the coating thickness (Fig. 5). Note that the range of variation
of Pr is applicable to liquid metallic or glassy substances for
which this study is pertinent. As shown in Fig. 6, the smaller
the thermal diffusivity of a material in the liquid phase is than
the thermal diffusivity of the same material in the solid phase,
the thicker the resulting coating layer. This effect weakens at
very small values of A[4A = 0(10~1)]. An additional observa-
tion in Fig. 6 is that increasing A weakens the effect of the
velocity ratio U,/U,,.

Parameter B, as defined in Eq. (31), can be interpreted
directly as representing the ratio of the thermal conductivity of
the melt to that of the solid coating if T,,, Ty, and T, are
constant. According to Fig. 7, increasing B (or increasing the
conductivity of the melt relative to that of the coating layer)
decreases the coating thickness. The effect of B is weaker at
small values of B. Moreover, the effect of U./U,, weakens as
B decreases.

A quantity of engineering interest, in addition to the thick-
ness of the coating layer, is the heat transfer rate at the
solidifying interface reported with the help of the Nusselt
number:

. - *
- dT Rey,
Nu =_Ms__= __(_> * (35)
(T — Ty) A&/ N 2

The effect of the suction caused by the freezing at the
solidification interface on the value of Nu is shown in Fig. 8.
Clearly, increasing the suction velocity increases the heat
transfer at the interface in all cases. As the value of f(&;)
decreases, the limit of no freezing at the interface is ap-

proached, as shown by the dotted asymptotes. In the limit of

U./U, = 0 (the melt is stationary) and of no freezing at the
interface [f(¢;) =0], the result of Ref. 2 was reproduced
accurately. The effect of the velocity ratio on the heat transfer
to the surface becomes more important as the suction velocity
at the solidifying interface increases.

The impact of the flow-freezing interaction on the solidifi-
cation thickness and the heat transfer at the interface is illus-
trated in Fig. 9. The ratio of the two Nusselt numbers in the
ordinate weighs the heat transfer to the surface (Nu) relative
to the heat transfer to the surface in the limit of no suction at
the solidifying interface (NVug), i.e., by neglecting the flow-
freezing interaction. Clearly, neglecting the flow-freezing in-
teraction is only acceptable at small values of the group (o;/
p)Es(< = 0.2) for the case of U/ U, = 0. Note that according
to Eq. (23) the group (o,/p)é, represents the suction velocity at
the interface. Increasing the value of the velocity ratio extends
the region in which the flow-freezing interaction has a negligi-
ble effect on the heat transfer to the surface. For example, for
U./U, =1.5, according to Fig. 9, the flow-freezing interac-
tion has a marginal impact for up to (os/p)é; = 0.5. As the
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value of the group (ps/p)&; increases beyond unity, the impact
of the flow-freezing interaction increases drastically.

Before closing this section, it is worth stressing that the
applicability of the results presented here is limited by the
assumption that the moving surface is isothermal. As shown in
the Appendix, this assumption is valid if the thermal diffusiv-
ity of the body on which the coating is deposited is smaller (in
an order of magnitude sense) than the thermal diffusivity of
the coating material. When the coating material is a liquid
metal or crystal (large thermal diffusivity), it is expected that
the isothermality assumption generally will be valid.

V. Conclusions

In this paper, a theoretical solution was presented for the
problem of coating a flat moving surface (substrate) with a
metallic or glassy (low Prandtl number) melt. It was found
that increasing the value of the velocity ratio U,/U,, yields a
thinner coating layer in all cases. Increasing the Stefan number
increased the thickness of the coating layer, whereas increas-
ing the Prandtl number, the ratio of liquid to solid thermal
diffusivity (parameter A), and the ratio of liquid to solid
thermal conductivity (parameter B) decreased the coating
thickness. The convection transport in the melt and the con-
duction transport in the solid layer were coupled through the
suction velocity caused by the freezing at the solidifying inter-
face. Neglecting this coupling is a good approximation only
for thin coating layers and for large values of the velocity ratio
Us/U,.

From a practical standpoint, the results of the present study
identify the trends of the impact of several important con-
trolling parameters (relevant to heat and fluid flow) in the
manufacturing of coating layers or the manufacturing of thin
metallic or glassy strips.

Appendix

In this Appendix, a scaling analysis is performed that de-
fines the parametric domain of validity of the assumption that
the temperature of the surface on which the coating is de-
posited T, is constant. A schematic based on which the analy-
sis is performed is shown in Fig. Al.

We begin by considering the case where conduction does
take place in the body on which the coating is deposited and
where T, is not necessarily constant. To be consistent with the
boundary-layer assumption in the melt and coating, we as-
sume that conduction in the substrate (body) is also of the
boundary-layer type (6+ < L) . The conduction equation in the
coating and the body are

#T, T,

o ) =Uv (A1)
PT,,  oT,,

o a2 =U, . (A2)

For the problem in hand, the scales of the various quantities in
Eqgs. (Al) and (A2) are

0%T,, ;- T, aT,, 1,-T,
ayi 8 0 » L
T T, — T aT, T, - T
Z* _ - 0. by Lw 0 (A3)

Fig. A1 Schematic for the scaling in the Appendix.
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Combining Eqs. (A1-A3) we obtain two scaling statements

6

Z‘ ~A~"%Pr-"Re; " (A4)
O M 4 yn yip, v

— ~—A""”Pr-"Re; " (A5)
L«

For the assumption of constant wall temperature to be valid,
the following should be true

g—i <0(1) (A6)

Substituting Egs. (A4) and (A5) into Eq. (A6) yields the final
criterion necessary for the validity of the T, = constant
assumption:

2t <o(1) (A7
s
Note that liquid metals and liquid crystals often possess large
thermal diffusivities. Therefore, Eq. (A7) is, to a large extent,
valid within the premises of tbe present study.
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